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Abstract
 
A complete solution of the boundary value problemtof a horizontal
 
electric dipole situated above a stratified half-space is outlined. For
 
the large elevation of the dipole (100 Yin), is envisaged in a 'lunar orbital­
experiment, .the secondary fieldsare computed using the method of steepest
 
descent. For a receiver in line with the transmitter and located 100 Km
 
above the lunar surface, the amplitudes of the -electric fields, as well
 
as the reflection coefficients at the lunar surface, are evaluated The
 
reflection coefficients computed upon assumption of an incident infinite
 
plane wave are shown to be valid for frequencies above 104 Hz. The amplitudes
 
4 8 
of the secondary fields, for a range of 10 to 10 Hz, over a number of
 
planar models of the lunar interior show a resolution of up to 6 db, for
 
the two-, four--and five-layered structures considered. As with the plane
 
wave approximation, the dipolar reflection coefficients promise to be quite
 
diagnostic in the detection of layering as well as in the detection of the
 
presence of water or permafrost at shallow depths beneath the lunar surface.
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Introduction
 
A considerable range of variation in the electric and the magnetic
 
parameters in the lunar subsurface has been-suggested by a wide variety
 
of experimental data and theoretical considerations. Consequently, a­
concerted effort is necessary to study the interactions of an electrically
 
inhomogeneous moon with an imposed electromagnetic source field, with a
 
view to,providing improved knowledge of the -subsurface distribution of
 
electrical conductivity, dielectric permittivity and magnetic susceptibility.
 
Although the discontinuities of the electromagnetic parameters may be both
 
condentric and angular, as substantiated by Muller and Sjogren (1968) and
 
others, for mathematical simulation purposes a number of laterally homo­
geneous, concentric layers can be assumed. The model analogs thus far
 
-used for similar studies include a two-layered sphere in uniform time­
varying magnetic field (e.g. Blank and Sill, 1969) and a set of linear
 
planar mode ls to study plane electromagnetic wave reflections (Ward,
 
Jiracek, and Linlor; 1968 And 1969).
 
The results from recent works by Ward et al. (1968, -1969) have led
 
to the possibility of a lunar oibital electromagnetic sounding experiment
 
for which a linear'antenna is to be deployed in orbit ,about 100 Km above-the
 
surface. However, computations to date have been made on the assumption
 
of an infinite plane wave source situated in free space. This has been
 
justified on the postulation that for a dipolar source at a distance of
 
100 Km above the lunar surface, the fields received can be adequately
 
represented by a plane wave formulation.
 
A plane wave at a given angle of incidence, howeverj constitutes only
 
a single component in the angular spectrum of a finite source and the
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purpose of this paper is to compare the fields radiated from a horizontal
 
electric dipole source, situated over various lunar models, with the fields
 
from an infinite plane wave incident upon the same models. A number of
 
planar models of the lunar interior extending to about 100 Km in depth
 
will be used to investigate any diagnostic criterion of the radiated field
 
that may be useful in interpreting the subsurface distribution of electrical
 
parameters.
 
Theoretical Development
 
Electromagnetic induction and the representation of the radiated
 
fields from electric dipole sources over homogeneous and layered half­
spaces have been investigated in detail by Bhattacharyya (1963), Wait
 
(1961a 1966), Quon (1963) and Vanyan et al.- (1967). The electromagnetic
 
fields from an electric dipole buried in the half-space have been computed
 
by Shakhsuvarov and Evereva (1966). In many of these studies a number
 
of approximations, including the neglect of displacement currents in air
 
and in the half-space, assumption of Laplace's equation for potentials in
 
the medium above the half-space, and asymptotic approximations valid for
 
the far field (Kr >> 1 where K is the wave number and r is the radial
 
distance from the sourbe), have been made. For most physical situations
 
simulating the lunar environment, when frequencies (f > 105 Hz) in the near
 
or intermediate field of radiation (Kr-1) are used, and for the low
 
conductivities and consequently small values of loss tangent and with the
 
polarizability of the lunar half-space materials, the above approximations
 
are invalid. To determine the radiated fields in the lunar environment
 
therefore, a complete solution to the inhomogeneous wave equation is essential.
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A brief outline of the development of such a solution with a horizontal
 
electric dipole situated on or above a stratified half-space is given
 
below.
 
A source dipole of moment density M directed along the x-axis is
 
situated at a height d above the layered half-space as shown in Figure 1.
 
Each of the laterally homogeneous layers is characterized by a conductivity
 
C-,, dielectric permittivity Ez and magnetic permeability Ic. A time
 
dependence of etj&t for the source-excitation is assumed. An absence of
 
symmetry of the .source requires the boundary value problem to be solved
 
in terms of a Hertz potential, I defined as
 
A 
The electric and magnetic field vectors can be obtained from the 
vector potential IT as 
/4= ( +jcEj Vx, 
and = .(2) 
k 4 (v.IT)<iT 

where IO/Zo,j constant in the medium above=j is the propagation 
the'half-space.
 
The wave equation for the primary source potential 7. is given as
 
with P [- 0-0 , (3) 
"
 
with X, 4 + d­
- -
5
 
The solution to the inhomogeneous Helmholtz equation (3) can be
 
expressed in the "Hankel transformed space (Th-dbmain) for unit moment
 
density of the source by the Sommerfeld integral
 
- K,--r f_ '" k ) U UoI, d HN (4) 
0 
The secondary vector potential IT due to the presence of the half­
space,' satisfies in the-source-free region, the homogeneous wave equation
 
(p7 tKZ) i 5 =0o ,., "--­
which has solutions of the form
 
I\ Z MT (?0) cps n " --O, 2. 
where- (6)
 
a-. = ai 
I 
Applying the boundary conditions for normal and tangential components 
of E 'and H at the interface' z = 0, one obtains in the region of interest, 
dtz>0, for a homogeneous lower half-space of permeability A, a =..­
the following expressions for the components of the Hertz potential
 
orDY-, f=-)A,
 
-- 3t&Nb*and -j CX) ) d (7) 
8
cc, -j0yo f) e ' o Lz d 
where A()) - A 
ac t4,+ £(9) 
6 
If the homogeneous lower half space is replaced by an arbitrary 
number of isotropic layers as in Figure 1, the boundary conditions, from 
the continuity of the normal and tangential E and I fields, have to be 
used at each of the interfaces. These boundary conditions, when applied 
first to the lowermost interface and progressively worked back up to the 
top interface at z = 0, enable the functions A (?%) and B,(?), used 
to define the T- potentials in the region of interest d!z;?0, to-be 
written as 
A o - . 
and (10)
 
~ (E E RTE tER'M (A)-
where, the reflection coefficient RTM( \) for the Transverse Magnetic
 
is given by Wait (1966) as
 
Lto 
=
 JC---
I oin which 
= Z + +and n i for i = I 2, 3, .. n-l)
Z61 + - tnA tL A 
with n 
Similarly the reflection coefficient for the Transverse Electric mode is
 
given by Wait (1966) as
 
7
 
-
Y ,RO 
+TE ¥, (12) 
-
U_in which 
and Y= N Y' Nz to- ; for i = 1, 2,3, ... n-1, 
?~~Vtanh az Aj 
with N 
For unit moment density of the source, the components of the total
 
electric and magnetic fields can then be obtained.,by using the relations.
 
in (2), as follows:
 
F;- ktf [-¢ +IAf,,)$ud)_]j°/ JdI p. -' + .()~(t~(td 
a aF-IF= 
o (14) 
(15)
 
and
 
°fl a eT,) d (h) d- J ( d C6 
-116)
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Gct Lea" w( 
0 d) 'TL- (17)z 
g ~ oq.)[ A, W~AeU C T.(AP) dA- tJ(2<~( 
b 
=0 
fl~(c~-F t .-~ a AlK&o~di5 7' ~d j (18) 
in which 
-RU'} A](K) - - s; (19) 
The solutions for the radiated fields. outlined above.are completely
 
general and are valid for all ranges of frequency.
 
For the particular configuration to be considered in this paper, the
 
receiver is located in line with the-source dipole, as is illustrated in
 
Figure 2. It is obvious then, for such an arrangement that the following
 
relations pertain:
 
Hence, the secondary fields received at a point in line with and distant
 
from the source are
 
o " o(20) 
R j 
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and 
s) d CA-F d(f5\.oe -J6+ _j j(, (Ne (Mdjd ( 
-j_ oCs)(22) 
It is to be noted that the secondary E fields thus received are
 
polarized entirely in the plane of incidence. 'Any transverse.component of
 
the electric field measured in this orientation can therefore be attributed
 
to lateral inhomogeneities or irregularities i the electromagnetic para­n 

meters of the different layers.
 
The lumped integral expressions for the solution of the electric
 
fields have been developed in the Appendix A.
 
Evaluation of the Integrals: -

In the integral expressions of the radiated E and H fields, the
 
functions A1 (A), B1 (N), and R() are generally quite complicated.
 
As a result no analytical solutions to the integrals (20) through (22)
 
valid for the entire range of integration have been presented so far.
 
On the other hand, numerical techniques like the Gaussian Quadrature methods,
 
together with an Euler or a non-linear G-transform (Gray and Atchison, 1967),
 
have been successfully used- for the evaluation of integrals of this nature
 
with a high degree of accuracy.
 
For the -source-receiver configuration discussed in this paper the 
source height d is rather-large, which results in limiting the bulk 
of the integral to the range ) 6 k0. For values of the Kernel with A> 
tthe extreme sharpness of the term exp (-2.V 1d) reduces, contributions 
from A > !C to a relatively insignificant fraction. In the range kV0; 
10.
 
however; the kernels of these integrals are modulated by exp(-2j/kt.M2 d),
 
-a function which oscillates with extreme rapidity. The extremely high
 
frequency of this modulation renders sampling impossible and recourse has
 
tbbe sought to special integration techniques. The generalized patterns
 
of such variations in amplitude and phase of the integrand are shown in
 
Figure 3.7 For the evaluation of the integrals in this' paper, the Steep&st
 
Descent Path approach has been used.
 
In an integral of the type = (,) e 5 ,] the path 
of integration in the complex A-plane is deformd 'to Steepest Descent 
Paths (STP) through the saddle points, ie., points of stationary phase of 
the integrand, in a way that the integrandihas exponentially small values 
at all -pointsexcept those near the saddle points'. The determination of 
the complete SDP is generally quite difficult. It suffices to follow the 
SDP near the saddle points only -when their progress is along straight lines 
inclined at +45' to the real axis (Felsen and'Rosenbaum, 1967). The rest 
of the integration path may be chosen as straight linds parallel to the 
real axis provided they lie in the valley regions of the complex A plane 
where the exponential decays. If singularities are encountered-in this 
deformation their contributions are also taken into account. Thus for any 
generalized Integrand F(A), with poles and branch cuts, the complete 
-integral,I can be approximated as 
3
fF jd fO~e 'dde (23)-
rck5addtIa 
~ 'esi~za Vt-m Poles-
r1
 
Plots of the contours of typical real and imaginary parts of P(U),
 
ie., ReP(tx) and ImP(A), in the vicinity of the saddle point are shown
 
in Figures 4 and 5. On these plots, the paths of steepestdescent, the
 
steepest ascent and stationary phase, are indicated. On the basis, of the
 
SDP indicated in Figure 4, the steepest descent integration path with
 
respect to the saddle point and the branch cuts. on the real +Aaxis, is
 
shown in Figure 6.
 
A detailed discussion regarding the evaluation of.the saddle point
 
contribution has been included in the Appendices B andC,
 
Physical Significance of the Singularities:
 
To the integral contributions arising from the saddle point, the poles
 
and the branch cuts can be attributed definite-physical significance in­
terms of ray theory.
 
The saddle point selects precisely that value of A which corresponds 
to a ray carrying energy from the source pointto the point of observation 
along a straight line path which is the direction of group velocity flow 
for a dielectric medium (Felsen and Rosenbaum, 1967). Thus,' in the ray 
theory approach, this would correspond to the reflected mode. However, the 
asymptotic expansion around the saddle points is an extension of the plane 
wave solution in that a bundle of rays is received in the vicinity of a 
single geometric optic ray. This bundle of rays, contrasted to a single.
 
ray, distinguishes the far-field of a finite source from a ,planewave
 
field (Phillips, 1968).
 
The pole singularities in the complex Aplane occur for values of
 
for which the integrand F( ) becomes infinite. However, in the integration
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of I only those poles that lie on the proper sheet, as specified by the
 
radiation condition, alone are contributive. This requires that Real 0
 
pole 
and Imag J- k > 0 The poles with positive real values give 
pate 
rise to "surface waves". In evaluating the integral I however, part of
 
the deformed SDP may lie in the improper sheet and cross the poles with
 
complex or positive imaginary values. These complex poles give rise to a
 
class of modes called the leaky wave modes (Collin, 1960). It may be noted,
 
however, that these surface wave and leaky wave residues'are exponentially
 
smtall at large distances and may therefore be neglected in determining
 
the fields at points distant from the- interface.
 
For the interface problem treated here, contributions for the first
 
order branch point singularities at values of Abc ±K (i=cv, 2,,-- ) 
correspond to lateral waves. These singularities give rise to waves pro­
pagating away from the interface if the values of Xb, correlated with 
the lateral waves are given by points at which the normals to the dispersion 
surfaces are parallel to Real Aaxis. (Felsen and Rosenbaum, 1967; Felsen,
 
1967)
 
The deformed steepest descent path pertinent to the present problem 
together with the branch cuts are shown in Figure 6. In the lunar half­
space considered in the present discussion, in general we find K, > k, 
so that the branch points at >bL= Ci = 0, fall to the right of the 
saddle point A on the real axis. Introduction of slightly.imaginary 
parts in the wave numbers shifts the branch cuts in the second and fourth 
quadrants for negative and.positive A axis, respectively. The steepest 
descent parth'deformed at + 450 to the real A axis through the saddle 
point A., as is indicated in Figures 4 and 6, 'does not cross any branch
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cuts in the valley regions to the right of the saddle point, and hence no
 
contributions are made by integrations about the branch cuts.
 
Thus, with the choice of the steepest descent path as shown, the 
integral evaluations will consist only of the saddle point contributions. 
The SDP over which the phase is constant is such that the integrand decreases 
most rapidly dway from the saddle point corresponding to angles 9 close 
to 0. shown in Figure 7. The field at the point of observation is thus C 
composed principally of plane waves reflected from the interface at angles
 
close to the angle of reflection constructed by ray optics. The existence
 
of a pencil of rays for a dipole field, as contrasted to the single ray
 
incident and reflected at 9o ( = Csin ) for a plane wave source, 
indicates the finiteness of the dipole field at the point of observation.
 
The above formulation has resulted from a synthesis of the fields by
 
modal superposition. The effect of layering in the half-space has been
 
accounted for by using the composite reflection coefficients RTE(A) and
 
RTM A); pertaining to the source orientation with respect to the layered 
half-space. For the source and the receiver located at large distances
 
outside the half-space the field is shown to be comprised of a direct wave
 
(primary field) and a wave reflected (secondary field) from a half-space
 
with its characteristic impedance modified by the presence of the layers.
 
This anfalysis thus obscures the physical mechanism of multiple reflections
 
and refractions taking place at individual interfaces. However, a detailed
 
study of both the modal and the multiple reflection analyses with a dielectric
 
slab resting over a conducting half-space, by Tamir and.Felsen (1965) has
 
established that for Kr > ;-i; r>>hi and for small angles of incidence
 
for a given source-receiver configuration, the zeroeth order saddle point
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contribution from the modal reflection doeffici&nt for a single ray is equiva­
lent to the sum of all the reflected and refracted rays at the various inter­
faces.
 
Model Parameters
 
The radial discontinuities in the electric and magnetic parameters of
 
the lunar interior cannot, in actuality, be simulated by a number of sharp
 
discontinuities,. The usefulness of the layered models, however, lies in the
 
fact that a continuous or gradational change in the physical properties-can
 
be approximated by an arbitrary number of discrete layers fairly satisfac­
torily, provided the wave number contrasts are not near zero nor near infinity
 
,(Wait, 1961D). Estimates of the lunar d.c. conductivity and d.c. dielectric
 
constant profiles proposed by Ward (1969) are shown in Figures 8and 9.
 
respectively. Conductivities on the lunar surface on the basis of these and
 
other data (Tyler, 1968; Strangway, 1969) are found to be rather low. Most
 
of the observations indicate that both the conductivities and the dielectric
 
constants of lunar materials are frequency-dependent.
 
Based on the above considerations, three planar models werechosen to
 
simulate a layered lunar structure. The parameters of these models are
 
shown in the Table 1. The suggested frequency dependence of conductivities
 
and dielectric constants of the materials envisaged in the different layers
 
,are illustrated in Figures 10 and 11 respectively.
 
Occurrence of water at some depth in the moon is cohsidered possible
 
by Watson, Murray and Brown (1961a, 1961b), Kopal (1962), Urey (1967), and
 
others. It is postulated that this water may be present as solid or liquid
 
pore water or as water of hydration. A layer of permafrost is also
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considered possible at depths of about 100 meters or more by Watson et al.
 
(1961a, 1961b), Gold (1962), and Kopal (1962). The markedly different
 
frequency dependencies of conductivity and dielectric constants of dry and
 
wet rock and permafrost could be used as a diagnostic criterion for the
 
detection of subsurface water in the lunar interior. (Ward, Jiracek, and
 
Linlor, 1969).. To investigate this aspect three comparative models, each
 
with a characteristic volcanic ash top layer of thickness 10 meters, but
 
overlying a second layer either of dry rock, of 1% moisture bearing wet
 
rock, or of permafrost have been shown in Table II. This set is designed
 
to illustrate the distinctive features, if any, in the radiated fields that
 
can indicate the presence or absence of water in the lunar interior.
 
For computational purposes, the medium above the layered half space 
is assumed t6 have the properties of free space. A frequency range of 
104 - 108 Hz is used for the computations. Anomalous electromagnetic 
wave propagation in the vicinity of the mean electron plasma frequency 
at 2.8 x 104 Hz, as well as the considerably significant anisotropic modal 
propagation through plasma below 7 x 104 Hz (Phillips, 1968), may restrict 
the validity of the data presented herein to frequencies above 105 Hz on 
the sunlit side of the moon, while they may be valid for the entire range 
of frequencies over the dark hemisphere. 
The effects of scattering from topography and discrete lateral
 
inhomogeneities, as well as electrical anisotropy in layers, have not
 
been considered. Scattering effects will, however, be important for
 
frequencies for which the wave-length approaches the dimension of the
 
object.
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Results
 
a. Response from the Layered Models
 
The components of the secondary electric fields Ex and E , with
 
the source dipole at a height of 100 km above the lunar surface, obtained
 
over the models shown in Table I,are illustrated in Figures 12, 13, and
 
14. Two source-receiver separations of 100 meters and 30 Km corresponding
 
to angles of incidence of 0.0280 and 8.530, respectively, have been used
 
for the computations to analyze the fields received in both astatic and
 
bistatic modes of observation. Model 1 consists of two layers with debris
 
on top and dry rock at the bottom, while Models 2 and 3 are four and five
 
layered, consisting of permafrost wet shell and hot interior underneath
 
the second layer material for Model 1.
 
The amplitudes of Ex and Ez increase similarly with frequency-up
 
5
 to about 10 Hz and-indicate a fair amount of resolution for the differnet
 
models considered. This has been illustrated in Figures 12 and 13 for near
 
normal incidence and in Figure 14 for oblique incidence. There is lower
 
amplitude of Ez for the oblique, relative to the near-normal, incidence.
 
No appreciable difference in resolution of the different layered models
 
exists between near-normal and oblique incidence.
 
Oscillations are observed in the amplitude of Ex and Ez starting
 
5 6

at about 2.5 x 10 Hz for Models 2 and 3 and at about 4 x 10 Hz for Model
 
1. These can be explained by the 'quarter-wave' interference effect of the
 
top layer thicknesses. Assuming the material in the layers to be lossless,
 
for normal incidence the thickness of the first layer h and the minima
 
in the oscillations are related by
 
= S Zn + I , l .(24) 
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where c is the velocity of electromagnetic waves in free space, KI is the
 
dielectric constant of the first layer and f is the frequency of the minima
 
in the oscillations. For the more general case of oblique incidence at 6.,
 
the phase difference A between the reflections from the surface and the
 
first and'second-layer interface for nonmagnetic dielectric media is given by
 
(Jiracek and Ward, 1970)
 
so that the minima in the amplitudes are observed when
 
-
J n= , ,, .-- (25)& 9= 

For Models 2 and 3, the first minimum observed at 2.5 x 105 Hz corresponds
 
to interference arising from the interface between the second and third layers
 
at a depth of 100 meters. The oscillations corresponding to this resonance
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are superposed by another set of oscillations starting at 4 x 10 Hz that
 
occurs due to the quarter wave effect of the interface at 10 meters.
 
6 
-For resolution of layered structures, amplitudes measured up to 10 Hz
 
are useful, while the frequencies of the minima at higher frequencies can be
 
used to get a measure of the thickness of the top layer.
 
Of perhaps greater significance in resolviig the different layered
 
structures are the reflection coefficients measured on the lunar surface
 
at the point of reflection for a given source-receiver orientation. A
 
quantity similar to the plane-wave reflection coefficient can be defined by
 
Eee/ E rY )-. As is shown later, this quantity actually does become the 
plane wave reflection coefficient at higher frequencies when the 'pencil'
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of rays from the finite source gets narrower and approaches the single ray
 
pertinent to a uniform plane wave.
 
Plots of the amplitude and phase of the reflection coefficients
 
( s EXPrimary) for the different models used are shown in Figures 15 
and 16 for the source-receiver separation oft30 Km. The amplitudes of the
 
reflection coefficient show very good resolution for the different layered
 
models for frequencies up to about 5 x 106 Hz. Oscillations due to the
 
quarter-wave interface effect are observed at frequencies predicted by equation
 
(25). For the two-layered Model i, the top-layer thickness can be easily
 
predicted while for Models 2 and 3 the effect of the interface-betwden the
 
second and third layers is evident, but at higher frequencies the effect of
 
the interface at 10 meters in these models is modulated by the multiple
 
reflections from the deeper interface.
 
b. Presence of Absence of Water at Shallow Depths of the Lunar Interior
 
The computed values of the amplitudes of Ex for the two-layered
 
comparative lunar models shown in Table II are illustrated in Figure 17.
 
These models consist of a debris of thickness 10 meters underlain variously
 
by dry rock, 1% water bearing wet rock and permafrost respectively. The
 
results shown are the secondary fields for a source-receiver separation of
 
30 Km.
 
A moderate resolution for the different models is observed up to a
 
frequency of 106 Hz. Amplitudes of the models with wet rock and permafrost
 
are generally higher than that with a dry rock second layer. The amplitude
 
of Ex reaches a minimum and begins to oscillate at about 4 x 106 Hz for
 
all these models with identicdl top-layer thickness. Observations at a few
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frequencies in the range of 10 to 10 Hz may be sufficient for the detection
 
of water to depths as great as 100 meters for-the models used. Greater
 
detection depths are possible for other models as has been illustrated by
 
Ward, Jiracek and Linlor (1969).
 
Amuch more obvious contrast can be observed in the reflection coefficients
 
Esec EPrimary 
( e / E m ), for these models, plotted on a linear scale in Figure 18. 
At 104 Hz, the permafrost model shows a reflection coefficient of 0.93 while 
the dry rock model indicates a value of 0.47 only. The presence of eyen 1%
 
H20 beaiing wet ro6k in the second layer enhances this value to-about 0.76
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at 10 Hz.1 Measurements of the reflection coefficients in the range of 104
 
to 106 Hz, can therefore be quite diagnostic of the presence or absence of
 
water in the lunar subsurface.
 
c. Comparison of the Finite Source and Plane Wave Results
 
As has been mentioned in the theoretical development, the fields of a
 
finite source in the orientation considered here, are due only to the saddle
 
point contributions in their integral representations. Hence, the fields
 
received are essentially due to the plane wave mode reflection consisEing
 
of a narrow pencil of rays centered about the single ray of the infinite
 
plane wave reflection. The effect of this bundle of rays is inversely pro­
pbrtional to-the square root of height of the transmitter and the source­
receiver separation (Appendices B and C). As a result, with -increase in
 
frequency or source-receiver separation, the pencil of rays becomes narrower
 
and approaches the single ray of-the plane wave formulation. 
A plot of the ratio IExsecI ExPrimaryl and the plane wave reflection 
I I range of I0t3 to 107H ra dniacoefficient [RR ,I over a frequency 
-20
 
two-layered lunar models is illustrated in Figure 19. It is obvious from
 
4
* ;
this figure that for frequencies greater than 10 Hz, the fields received
 
from the finite sburce, at the height and in the orientation considered,
 
can be adequately represented by an infinite plane wave formulation.
 
Conclusion
 
For a large height of the source dipole above a stratified lunar half
 
space, it is shown-that the secondary fields received are essentially due
 
-4­
to the plane wave reflection mode. For frequencies above 10 Hz, the com­
putations based on an infinite plane wave source yield reflection coefficients
 
identical to those from the finite source.
 
In all of the computations presented in this paper, effects of surface
 
roughness have been neglected. The distributions of dielectric constant and
 
conductivity with depth have been simulated by a maximum of five layers in
 
the models considered.
 
A fair resolution of the layered structures, or detection of the presence
 
of water or permAfrost at shallow depths, from the secondary fields received
 
in orbit 100 Kin above the lunarsurface, or from the reflection coefficients
 
at the lunar surface, can be achievedby using instruments with tesolution of
 
the order of I db.
 
The oscillations observed in the amplitude of the fields as well as in
 
the reflection coefficients have significant use in obtaining top-layer
 
thickness. These oscillations are, in general, rapidly varying functions
 
of frequency, and hence rigorous sampling is important to avoid aliasing of
 
the reflection coefficient.
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The radiated fields computedstrictly pertain to an infinitesimal dipole
 
source. It is to be noted however, that for cases of near-normal incidence
 
as considered here, the radiation patterns of linear antennas with finite
 
current distributions can be reasonably well approximated by the pattern from
 
a small dipole source, as long as the antenna length does not exceed half of
 
the wave-length in free-space over the transmission band. ,Thus, if the known
 
frequency-dependent input impedance is removed, the fields transmitted by such
 
antennas can be adequately represented by a dipole source.
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Appendix A
 
Lumped Integral Expressions of the Electric Fields
 
The integral expressions for the secondary electric fields are given as
 
Sea K' ~~c oo%y(ed 
0 0 
and
 
- o ((AdP) d V d +JP e-2L(Af)u0 AdA, (ii) 
o 6 
where A, (A)= --- K) 
15 kh') + TM(K 
and RU') A,o)+ o0B, N)
 
The numerical evaluation of the integrals can be much easier if a few
 
integrals are lumped together as shown below.
 
Let
 
0 o 
o .(iii) 
jRA (A) r/ (-zaP) ,-
0 
A ) C (iv) 
oF13 ez d T,(hP 1
60
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and 2Qd 
cC (v) 
0 
where = LKA,(w 
and p, [K: +6R 0 
Then electric field components are given by
 
Ex- fA+ 
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Appendix B
 
Saddle Point Method of Integration
 
As seen in the Appendix 4, the general form of the integrals to be
 
solved is
 
R-Kd 
22 (AFdA fMto
j~ 17e -jUd(i 
A very generalized pattern of the amplitude and phase of the integrand 
to be evaluated by the saddle point method is shown in Figure 7. 
The saddle point > is defined by the condition that 
cLh 
Upon extending P(T ) in a power series about A5 up to the quadratic 
term, it 6an be seen that the resulting exponential decays along two non­
adjacent 900 sectors and grows in the other two, the characteristics of the 
sector being dependent on the term CIvP(A) at )., (Felsen and Rosenbaum, 
)1967). 

The SDP is deformed into the valley region and the integral is asympto­
tically evaluated as
 
S (A
 
where sgn (x) =+ I when x < I 
-00 
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-
For integrals of the form I e (, )d= WkcI
we may substitue the large argument asymptotic expression of
 
N (af -o -$Z)] ,0* 
We then obtain
 
12 F-A) (2rk-d') -5 ZZ~d 
If we define P(') as
 
then dP 2­
whence, the saddle point A is given as 
and
 
2-? z Z 

By substituting these values in the expression (A), we obtain
 
F(K) _1A _k d -j&(f-r_ _) <%5#[P"tA 
i fdfp.K F(N .
-h• -e 
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From the geometry of the source-receiver configuration given in
 
Figure 2, we get
 
[i± 4 ~ 7 ]z 6 S-j 
and a 
Hence, the steepest-descent approximation to the integrhl-I can be'
 
written as
 
-2 K o ;' -j(Y' 9 (B)2Pd A5 *. 
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Appendix C
 
Saddle Point Contribution from Multiple Integrals
 
The evaluation-of a single integral by the saddle point method has been
 
shown in the Appendix B. For the integral expressions involved in the deter­
mination of the field quantities, the single dimensional saddle point evaluation
 
is possible only for large values of the argument. Only in those cases, the
 
integrals can be reduced to the standard , form, for which the
 
saddle point method is applicable.
 
In many physical situations, however, multiple integrals have to be
 
approximated by the saddle point method in a manner similar to that for single
 
integrals. Jeffreys and Lapwood (1957) and Scholte (1956) have used the
 
saddle point evaluation in n dimensions. A brief outline of these procedures
 
is given below:
 
For a general integral of the form
 
(XI' x'Xz
XpK 
the saddle points S.' of the exponents are determined by
1 
0 at *
 
-- 0 a+s5Z
 
3+ 0*
-d 
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The phase function Y (x1, x2- -..... Xn) is then developed up to and
 
including the second term of the Taylor series in the neighborhood of S..
1 
This expansion consists of the value of 9 at the saddle point Y under 
consideration and a term which is quadratic in (x,-S ). The coefficients
 
of this quadratic function are the values of in the saddle point.
 
This function can be reduced to a sum of squares of linear functions of
 
( . -S ) and by putting these functions " as new variables the integral 
becomes 
The functional determinant is given by the square root of the Hessian 
determinant A0 . The contribution of the saddle point is therefore, 
A5 c 
The formulation described above can be applied to evaluate the integrals 
for the field quantities for any arbitrary value of the argument P 
The solution will therefore be valid over all ranges of radiation, instead 
of the far field (Af>> ) alone. The results of a finite source field 
can thus be considerably more generalised. 
The integrals for the field can be written in their typical form
 
00 
0 
30 
We define J (tf by the integral representation
 
IT 
J3 (hP) - - )fsrie d . , (ii) 
o 
so that by substituting (ii) in (i), we get
 
~FIh Ae- d? J' 
0 0 
0 
where A, (h) F 2t x I 
and -. 0 t 
The saddle points in (X)o) domain are given by 
,0) and 0 
From (B), we have 
0" (iv) 
and os 
(v) 
From equation (v), we get 
Tfrewe 0 
vi 
'Therefore we find (vi) 
CK. =5CO 
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Substituting this latter value of o/ in (iv), we obtain
 
--
- A Z (vii.a) 
or [CCz+{TZJi 5 E 2e2J~ k
 
whence, L(K t -f4 '4~-') ir'2ZK (vii)
 
Now, from (iv) and (v), we can write at the saddle point (?yoe), 
- 2 LA-6o ­and =. q­
so that the Hessian determinant for the integral in (ii) is
 
I - 2-~ t ?si'> f 05 
(Viii)TI 
Hence, the steepest descent approximation to the integral I is
 
As d 'V ( 
-~ fsro~ 
For the special case with XAf large, we can approximate the relation
 
in (vi) and (vii.a) as
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__;__dand 
' zt). 
f, * 
whence +4c ltS.S t' 
Substituting these values of 0§-V in (viii), we get for the large 
argument A= - we obtain 
r- .(k>o-,s 0) .F&( )e- c-e .2e 
2d KO f 
dte a 
This expression is identical to the result shown in Appendix B.
 
Material 

Debris 

Dry Rock 

Permafrost 

Wet Shell 

Hot Interior 

Debris 

Dry Rock 

1% H20 

Wet Rock 

Permafrost 

Thickness of 

the layers 

10 m 
90 m 
2900 m 
97 Km 

10 m 
TABLE 1
 
LAYERED MODELS OF THE LUNAR 
 INTERIOR 
0(i1 Hz) 

4.0 

11.0 

t0o1 13 
103 
104 

7 
/ (10 Hz) O0 
3.0 1.0
 
6.0 1.0
 
0.0 1.0
 
10.0 1.0 
102 1.0
 
3.0 1.0
 
6.0 1.0 
10.0 1.0
 
10.0 1.0
 
(1 Hz) 
3 x 10101 
10 

3 x 10-5 

3 ,i 10- 7 

0 

7 

(10 Hz) 

2.7 x 10 
4 x 10- 5 

31.8 x 
10 - 3  
0-

TABLE II 
COMPARATIVE LUNAR MODELS
 
-011 -5 
3 x 10 2.7 x 10 4-.,0 
10 "I 0 4 x 10 - ii.0 
-7 
10 5,x 10 -. 5 x 102 
3 x -510 1.8 x 
-310 
3 
10 
LOw0 
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